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ABSTRACT

Jaiswal, Nitin. M.S.E.E., Department of Electrical Engineering, Wright State University,
2019. Stability Analysis of Leg Configurations for Bipedal Running.

A legged robot with three-segmented limbs is used to study the effects of leg
compliance originating from the joint level on the stability of hopping in place and
running. The three-segments allow each leg to be kinematically configured an infinite
number ways that satisfy the desired landing condition parameters, total leg length and
angle. These two parameters along with the amount of energy thrust during stance
determine the motion of the system during a single stride. The goal of this work is to
explore the potential values for the leg parameters of three-segment leg, that provide
additional stability when compared to legs with fewer segments. The stability is analyzed
based on the how well the robot can return to the desired height while hopping and the
desired velocity while running. Given a fixed point in the control space, where the system
returns to the initial height and velocity, the stability of different leg configurations is
compared by counting the number of steps the robot can take before falling over. The
added thrust to the joints and the leg attack angles are varied to observe the stability
regions for different kinematic configurations, and compared to biped with lower number
of leg segments, to prove how leg segmentation provides additional stability. It may also
be useful to perform the same research for running on uneven terrains.
iii
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Chapter 1

Introduction
The adaptability of legs can be observed in any kind of environment, which can be
terrestrial land of uneven or flat terrain, aquatic environment like water, etc. Wheels,
treads or multiple legged systems are however limited to run on flat terrains. Thus,
mimicking the performance of animals with two-legs, humanoid robots are studied to
analyze the stability of locomotion. This model of a bipedal robot can be designed to run,
hop, walk, swim or even climb, depending on the needs of the user. One of the models,
which has been a valuable tool in the designing of control algorithms for stable walking
and running used legs is the Spring-Loaded Inverted Pendulum(SLIP) [1][2].

Figure .1: Linear, two-segmented and three-segmented leg models.
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The additional variability of the terrain, necessitates the need for more complex
design of legged robots, by adding more degrees of freedom. Although SLIP model is a
very simplified model, it still captures the dynamics of the system. The standard SLIP
model, which is made up of a single linear spring with stiffness, k is shown in figure
.1(a). Thus, in order to have more degrees of freedom for stable running with variable
attack angles, leg lengths and leg stiffness on more complex terrains, leg segmentation is
needed. On implementing a knee segment, with a torsional spring at the articulated joint,
a two-segment model [3] is obtained as shown in figure .1(b). The additional knee
segment improves the passive self-stability of running SLIP model by increasing the joint
stiffness and the area of viable touchdown [3]. Humans or humanoid robot possess legs
with two or more segments. The addition of a third segment, i.e. the foot, allows for
synchronized storage and release of energy in both the joints. The foot also results in the
reduction of the ground reaction force, thus, reducing the risk of foot slip. The threesegmented legged robot is as shown in figure .1(c).
The compression and extension of the springs during high speed running or hopping
in place can be a very challenging task. Even the slightest asymmetric spring behavior
could result into structural damage of the robot. This is why, this research deals with
building a simplified mechanical model on the computer (using Simulation software) and
studying the behavior of the robots for a variety of initial conditions and model
parameters. Thus, for a variety of attack angles, additional input thrusts to the joints and
different leg configurations, the system stability is defined by the ability of the robot to
hop in place, walk or run for a number of steps before falling over on an even terrain.
2

For a linear legged biped, the action performed by the stance leg is similar to a linear
spring, with a fixed rest length and leg stiffness. Due to this, the thrust of the leg is
limited to the force directed from the point of contact of the foot on the ground to the
center of mass of the robot. Thus, the thrust is solely dependent on the amount the leg
compresses under the weight of the robot. The thrust does not depend on the orientation
of the leg or the compression velocity of the linear leg.
On contrast, a two-segmented legged biped uses rotational springs in its joints. Thus,
the leg force not only depends on the leg compression, but also on intersegmental joint
angle [3]. For a torsional spring with stiffness c, and a joint angle 𝛽, the joint torque 𝜏 can
be computed as follows:
𝜏(Δ𝛽) = 𝑐Δ𝛽
where Δ𝛽 is the amount the joint flexion, given by 𝛽( − 𝛽, where 𝛽( is the rest angle [3].
For the length of leg segments 𝑙, and 𝑙- , the joint angle is related to the leg length L, as
follows:
𝑙,- + 𝑙-- − 𝐿𝛽 𝐿 = 𝑎𝑟𝑐 cos
2𝑙, 𝑙However, the rest angle 𝛽( can be computed as:
𝑙( 𝛽( =

𝑙,- + 𝑙-- − 2𝑙, 𝑙- cos (𝛽( )

where 𝑙( denoted the rest leg length [3]. Thus, the leg force from the above discussion, is
given by:
𝐹789 𝜏 =

1
𝜏
𝑙, 𝑙- 𝑠𝑖𝑛𝛽

3

However, the two-segmented leg is not the most unique model, and therefore, we use the
three-segmented model to study the effects of leg segmentation on the running stability of
a bipedal robot.
On extending the two-segment leg by one more segment, a three-segmented leg is
obtained. A robotic leg with three segments has an additional advantage of distributing
the weight equally between the knee and the ankle joints. The three-segmented model has
two torsional springs, which allows the leg to be configured in an infinite number of ways
to achieve a desired foot position with respect to the hip. Due to the presence of two
springs, both the knee and ankle joints are able to compress and extend concordantly
during stance. The energy thrust E in a three-segmented leg during maximum
compression while running is denoted by:

𝐸 = 𝐸, + 𝐸- =

1
𝑘 𝜃 − 𝜃,A
2 , ,

-

1
+ 𝑘- 𝜃- − 𝜃-A
2

-

where, 𝐸, and 𝐸- are the maximum compression energies, 𝑘, and 𝑘- are the joint
stiffness of the knee and ankle joint springs, 𝜃,A and 𝜃-A are the knee and ankle joint
angles before any added thrust, and 𝜃, and 𝜃- denote the final knee and ankle joint
angles respectively [4]. Thus, it can be seen that based on the added input thrust (energy
needed to compensate for the frictions and impact losses) to the legs, and the attack angle
(the angle between the horizontal axis and the line connecting the hip to the foot of the
robot), the final leg force required for stable running can be computed for different leg
configurations. This research deals with finding out and comparing the stable regions for
different leg configurations for a three-segmented leg. The stable region is also compared
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to that of a leg with lesser segment (single segment leg) to prove how leg segmentation
leads to additional stability.
Further investigations on this research can be made by observing the stable regions
for running on an uneven terrain and finding out the stable region using the stability
methods discussed in this thesis for two-segmented legged biped.

5

2

Background
The purpose of the background is to introduce the topics and concepts involved in the
Thesis. It explains what a basic biped robot is and describes the Spring Loaded Inverted
Pendulum Model.

2.1 Biped Robot
The history of a humanoid automation dates back to 1495, when Leonardo da Vinci
designed a humanoid automation, known as Leonardo’s robot which looked like an
armored knight. In 1980, Marc Raibert established the MIT leg Lab, to study legged
locomotion and dynamic legged robots. However, it was not till 1985, that Hitachi Ltd
developed the WHL-11, which is a biped robot capable of static walking on a flat surface
[5]. In the year 2000, Honda created its 11th bipedal robot, ASIMO, which was capable of
running [6]. Scientists are still studying the stability of bipedal robot and the effects of
leg-segmentation on stability of a running robot.
The process by which an organism moves with two rear limbs is known as
bipedalism. Any animal or machine which moves utilizing two legs is known as biped.
6

Bipedal locomotion is a terrestrial locomotion which includes movements like walking,
hopping or running. Due to the complexity for balancing a higher body weight on
massless or lower weight legs, bipedal robots were very difficult to construct in the 20th
century, resulting in the use of only wheeled, treads, or robots with four or more legs.
With the evolution of cheap and compact computing power, it is feasible to construct
two-legged robots. ASIMO, QRIO, MABEL and HUBO are some of the successful
inventions. The focus now is on studying humanoid robots, in order to utilize passive
mechanisms to minimize power consumption and assure leg stability.

2.2 Spring Loaded Inverted Pendulum

Although, the use of two legs allows the robot to negotiate on uneven terrains, unlike
wheels, they require more complex control algorithms. However, the passive dynamic
principles observed in legged locomotion can reduce the cost of energy and the control
burden. A spring-loaded inverted pendulum (SLIP) model [1] provides a model, for
studying the passive behavior of leg springs. The body motion of a bouncing animal or a
humanoid robot can be modelled as a Spring-Loaded Inverted Pendulum (SLIP) model
[2]. The SLIP model comprises of a point mass hopping on a prismatic spring. This
spring conserves energy while the leg compresses during the first part of the stance.

7

Figure. 2.1: Spring retraction and stiffening of a SLIP model

The basic linear legged SLIP model comprises of a point mass m, supported on to
of a linear spring of rest length 𝑙" and stiffness k. On launching the system with a forward
velocity and dropping it from an initial apex height, the robot traces a ballistic movement
as shown in figure.2 [7]. As soon as the foot touches the ground, the spring begins to
compress under the body weight. The foot remains fixed, while the body mass pivots
above it due to forward momentum. After, the body moves forward with respect to the
leg, and the spring is maximally compressed, the energy stored in the spring is recovered
by pushing the mass away from the foot as the body lifts off the ground. This makes the
spring return to its rest length and the system enters into a new ballistic flight phase. The
leg then self-stabilizes, by lengthening [8] before touchdown. This process can be applied
to a robot with two legs having one spring per leg for a linear leg configuration. The left
and the right legs, alternatively enter into the flight and stance phase, by retraction and
stiffening of the leg springs. Thus, this allows stable running of the robot in the horizontal
direction, while maintaining the apex height criteria.

8

2.3 Stability Methods

The two methods: Apex-return map and steps-to-fall analysis used in this thesis to
determine the stability of three-segmented legs while hopping and running were based on
the system analysis used to analyze the stability of segmented leg by J.Rummel and
A.Seyfarth [3]. In their research, the number of steps was limited by a predetermined
value of 50. The effect of force-length relationships on running stability was studied to
compare the stable region of a two-segmented leg to that of a spring-mass model, at
different joint angles and running speeds. Their analysis was based on comparing the
joint stiffness for the two-segment model to the linear stiffness of the linear legged
model. The following stable regions as shown in figure 2.2 was obtained [3].

9

Figure 2.2: Regions of stable running for a given reference stiffness and attack angle for a
spring-mass model and the two-segment model.

Hence from figure 2.2, it can be seen that for low running speeds, the spring-mass model
fails to run for a minimum of 50 steps. However, when the leg joint angle is chosen to be
𝛽" = 170°, the robot is able to run for a narrow stable region as shown in the figure. For
the joint angle 𝛽" = 150°, the stable region is limited to only a point on the plot [3].
Thus, it can be seen that, with an increase in the velocity or the leg segmentation, the
stable region increases rapidly. For a two-segment leg, a high joint stiffness and a
10

minimum angle of attack is required in order to run stably at high velocities [3]. Thus,
incorporation of another segment, the foot allows for the body weight and the leg
stiffness to be shared between two joints instead of one, providing additional stability.

11

3

Finite State Machine
Humans or humanoid robots often have more than two leg segments. The additional third
segment allows for synchronous storage and release of elastic energy at both the leg
joints. In order to understand the behavior of a three-segmented leg during running, it is
very important to understand the finite state machine for leg phases. The finite state
machine outlines all the leg phases that both the legs go through while running on an
even terrain.

Figure .3: Finite State Machine for leg phases.
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During each step period, i.e. the time between two adjacent top of flights, the legs
go through six different phases. The active leg, goes through 4 different phases and the
other leg goes through 2 different phases. After, one complete step period, the legs
alternate, making the previously active leg to be the other leg and the previous other leg
now exhibits the active leg phases, and so on.
After the robot is dropped from an initial height of 1.05m and launched with an
initial velocity of 3.0m/s, the active leg exhibits a ballistic trajectory until it touches the
ground, known as the fall phase. Once, the robot begins to fall, the legs begin to retract
till the active leg touches the ground, also known as touchdown. Leg retraction prior to
the touchdown reduces the horizontal impact and alleviates the vertical impact of
touchdown by reducing the time taken to complete the fall phase. In order to minimize
the slip, impact losses, or peak forces, a constant rate of retraction should be chosen. This
increases the region of attraction for a steady-state solution without needing any active
feedback other than the timing of apex and touchdown events.
The spring constant k and the leg angle a are reset to a predetermined value and
held static until touchdown. These k and a are known as the landing conditions of the
robotic model. The system at touchdown exhibits the motion of the system, since no
torque is added to the hip during stance.
As soon as the leg touches the ground, the weight of the robot makes the leg joint
springs compress due to the weight of the robot. This is known as the compress phase, in
which the joint springs exhibit passive spring dynamics. Due to an increased leg stiffness,
the natural response of the spring mass system is impacted, resulting in shortening of the
stance phase and required a more retracted leg angle at touchdown in order to reach the
13

desired apex height of 1.05m at the end of the step. Therefore, after the leg is maximally
compressed, an additional amount of thrust is added to the leg joints during the stance
phase, depending on the thrust distribution ratio (R). The additional thrust is added by
moving the anchor point of the spring when it is maximally compressed. The optimized
ratio is the ratio at which the least amount of energy is required to return the robot to the
same height.
Once the additional thrust is added to the joints, the leg now starts extending to its
rest length. This is known as the extend phase. The extend phase starts the second half of
the stride period for the ballistic return to the apex height. The extend phase prepares the
robot for the liftoff event by releasing the energy stored in the springs, to kick off the
ground in order to be able to fly off and reach the desired height. As soon as the spring
returns to its resting length and the body ceases to exert a force on the ground, the robot
lifts off the ground and enters into the rise phase. The active leg of the robot stops
retracting and begins to shorten in the rise phase. The release of energy of the active leg,
makes its reach the top of its flight after the body rises to its maximum height. This
results to a complete step period and the active leg now enters the inactive phase. At the
same time the other leg now enters into the active fall phase and follows the same phases,
like that of the active leg. At the top of flight, the leg in the inactive phase shortens
further and begins to protract forward, allowing the other leg to start retracting in the
active phases. After the other leg touches the ground, the leg in the inactive phase starts
to lengthen and protract further. In order to lengthen the leg, the stiffness of the springs is
reduced, and no extra thrust must be added to it. After the leg lengthens and protracts
forward, it again enters the active fall phase. At the same time, the other leg enters the
14

inactive phase. The lengthening of the leg before touchdown after the fall phase, reduces
the ground impact of the leg on the ground. Hence, this process repeats and both the legs
alternate between the active and inactive phases, in order to run stably in the forward
direction. This process of self-stable running in the forward direction is known as the
finite state machine for the robotic leg locomotion.

15

4

Leg model
In this research, we investigate the stability of locomotion of a three-segmented, twolegged robot using different kinematic configurations.

Figure .4.1: Linear bipedal simulated model.

Figure .4.2: Two-segmented bipedal
simulated model.

Figure .4.3: Three-segmented bipedal simulated model
16

The linear, two and three-segmented biped robots as shown in figures 4.1, 4.2 and 4.3
respectively, were simulated in RoboDynaMechs software which provides a robot
simulation environment built in DynaMechs [9] articulated-body dynamic software
package. The environment is chosen to have a ground spring coefficient (kg) of 75 kN/m
and a damping coefficient (kd) of 2 kN/m/s. The force on the leg is the most when the
spring is under the maximum compression phase, which can be seen in the figure 4.4
[10].

Figure .4.4: Comparing linear and three-segmented leg model with linear and torsional
springs respectively, for one step period.
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The instance at which the foot of the robot touches the ground exhibits the maximum
change in leg length. The system losses are designed as damping in the complaint ground,
similar to the properties of rubber on a concrete floor. The ground static coefficient is
chosen to be 0.75 and the kinematic friction coefficient as 0.6. In order to make the linear
legged robot return to the desired apex height, an additional amount of energy thrust
needs to be added to the spring, by moving the proximal anchor point of the spring when
it is maximally compressed during the stance phase. Before, the addition of thrust, the
energy stored in the spring 𝐸 " , is computed as follows:

𝐸" =

1
𝑘(𝑥 − 𝑥 " )+
2

where, the current spring length is defined by 𝑥 and the rest length before the
addition of thrust is defined by 𝑥 " [10]. After the addition of the energy thrust 𝜂 , the rest
length of the spring is described by 𝑥 - . Therefore, the energy in the spring after the
additional amount of thrust is given by:

𝐸- = 𝐸" + 𝜂

and the rest length of the spring now becomes:

2𝐸 𝑥 =𝑥−
𝑘
-
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For a segmented leg, the leg compression is opposed by torsional springs. In order to
inject the additional thrust energy into the system, the anchor point of the spring is moved
from its angular position 𝜃 " to 𝜃 - [10].
During the maximum compression phase, the combined energy in both the torsional
springs of the three-segmented leg is given by:

𝐸 " = 𝐸0" + 𝐸+" =

1
𝑘 𝜃 − 𝜃0"
2 0 0

+

1
+ 𝑘+ 𝜃+ − 𝜃+"
2

+

where, the maximum compression energies in the knee and ankle joints before the
addition of thrust is represented by 𝐸0" and 𝐸+" respectively [10]. The articulated joint at
the hip is not spring loaded as in the Spring Loaded Inverted Pendulum(SLIP) model,
neither does it conserve any energy. Based on the thrust distribution ratio, R, the added
energy 𝜂, gets distributed between the knee and the ankle joints as follows:

𝐸0- = 𝐸0" + 1 − 𝑅 𝜂
𝐸+- = 𝐸+" + 𝑅𝜂

where R lies between 0 to 1 [10]. A gradient-based search is used to determine the
optimal ratio R, that minimizes the energy thrust 𝜂, required to achieve the desired apex
height for a given leg configuration 𝛽.
There can be infinite number of inverse kinematic (IK) solution for a planar leg with 3
degrees of freedom (3DOF). Based on the side of the leg joints, with respect to the leg
axis, the robotic leg can achieve a zigzag (the knee and ankle joint on different sides of
19

the leg axis) or a bow (both the joints on the same side of the leg axis) configuration. The
four-basic solution sets with bounds on the sign of each joint angle can be seen in the
figure 4.5 [4].

Figure .4.5: Zigzag and bow configuration for a three-segmented leg.
For this research, the first solution, where 𝜃+ ≤ 0 𝑑𝑒𝑔 and 𝜃9 ≥ 0 𝑑𝑒𝑔 is used to
study the leg behavior of 11 different kinematic configurations as shown in figure 4.6.

Figure .4.6: 11 Inverse kinematic solutions for a zigzag configuration.
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The vales of β represent a unique IK solution for a given length of the leg, L, and the
angle of attack, 𝛼. The attack angle is described as the angle between the horizontal axis
and the line connecting the hip to the foot of the robot. An attack angle of 90° represents
a state where the foot is directly underneath the hip. The angle decreases as the foot
moves forward with respect to the hip. A robotic leg which is modeled similar to an
animal leg, usually uses only one out of the solutions as shown in the figure 4.6. Thus, a
hard stop is implemented to prevent the hyper extension of the knee or the ankle joint.
In order to compute the inverse kinematic solution for a three-segmented leg, the knee
and the ankle joints (𝜃+ and 𝜃9 ) are only a function of the leg length, L, and are not
impacted by the attack angle, 𝛼. However, the hip joint angle, 𝜃0 , measured with respect
to the vertical axis, is a function of both the leg length and the attack angle. The knee and
ankle joint angles for the leg configurations β=0.0, β=0.5 and β=1.0, is as shown in the
table 4.1 below:
Leg Configuration, β

𝜃+ (𝑑𝑒𝑔)

𝜃9 (𝑑𝑒𝑔)

0.0

-77.34

0

0.5

-77.34

77.34

1.0

0

77.34

Table .4.1: Bounds on joint angles for different leg configurations.
From the table above, it can be seen that the knee joint hardly undergoes any change from
β=0.0 to β=0.5 leg configuration, and the ankle joint angle is largely unchanged between
β=0.5 to β=1.0 leg configuration. Thus, no direct relation is found between the knee and
the ankle joint angles with the leg configuration β. Hence, the ankle angle, 𝜃9 is
21

interpolated between β=0.0 to β=0.5 and the knee joint angle, 𝜃+ is interpolated between
the β values of β=0.5 to β=1.0. This process can be described by the following
conditions:
If 𝛽 ≤ 0.5, then

𝜃9 =

𝛽
𝜃 𝛽 = 0.5 − 𝜃9 𝛽 = 0.0 ;
0.5 9

Given this 𝜃9 and leg length L, 𝜃+ is computed. Otherwise 𝜃+ is given by:

𝜃+ =

𝛽 − 0.5
𝜃+ 𝛽 = 1.0 − 𝜃+ 𝛽 = 0.5
0.5

𝜃9 is computed given this 𝜃+ and leg length, L [4].
When 𝜃9 ≤ 𝜃9 (β = 0.5) then
𝛽 = 0.5

𝜃3 − 𝜃3 𝛽 = 0.0
;
𝜃3 𝛽 = 0.5 − 𝜃3 𝛽 = 0.0

otherwise,
𝛽 = 0.5 + 0.5

𝜃2 − 𝜃2 𝛽 = 0.5
𝜃2 𝛽 = 1.0 − 𝜃2 𝛽 = 0.5

the leg configuration 𝛽 does not remain constant during the stance phase when the joint
act passively [4]. In fact, the leg configuration 𝛽 keeps changing with the change in leg
length, L and the attack angle, 𝛼. This change in the leg configuration 𝛽 during the stance
phase, can be seen in the figure 5.2.2 (represented by the peaks in the stable limit cycle).
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5

Stability Analysis
In this research, there are three methods used for analyzing the stability of locomotion of
the robot with two legs of three or lesser segments. The first method is known as the
Apex return map or the Poincare map [3]. The apex return map is computed using data
from a single step simulation. The second method observes how fast the robot corrects
the perturbations in the apex height and enters the stable limit cycle. The third method is
a multi-step analysis, based on the number of successful steps taken by the robot before it
falls over or exhibits an unstable behavior. This method is known as the steps-to-fall
analysis [3]. The steps-to-fall analysis monitors the ability of the robot to produce
continuous running patters, by counting the number of successful steps.

5.1 Apex return Map
In order to find the fixed point, the robot was made to fall from a height of 1.05m and the
amount of thrust required to return the robot to the same height was calculated, keeping
all the other parameters fixed.
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From figure.5.1.1, it can be seen that different leg configurations (b) require different
amounts of thrust in order to return to the same height.

Figure .5.1.1: Energy thrust as a function of the leg configuration, using the optimized
energy ratio.
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The leg configuration b=0.5, where the knee joint angle is equal to the ankle joint
angle, requires the maximum amount of thrust to return the body to the same height from
which it was dropped. The amount of thrust required eventually falls on both the sides of
the b=0.5 configuration and rises up again on the extreme values of b.

Figure .5.1.2: Apex Return Map of a single step is shown for different leg configurations,
by dropping it from different heights each time.
One of the ways to analyze the how stable the leg configuration (b) is by creating
the Poincare map or the apex return map as shown in figure 5.1.2. This map is build
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based on two adjacent heights. Based, on how fast the perturbations in the apex height is
reduced, and how periodic is the solution with identical apex heights, we can interpret the
stability of different leg configurations (b). The condition for periodicity and local
stability can be represented by the equation as follows:
ℎ"#"$"%& = ℎ%()*,[-./] = ℎ%()*,[-]
where ℎ"#"$"%& is the initial apex height from which the robot is dropped, ℎ%()*,[-] is the
apex height returned by the robot after the one complete step and ℎ%()*,[-./] is the apex
height reached by the robot after the next complete step. The second condition for
periodicity and local stability of the robot is found by finding the derivative of the apex
height of the next step with respect to its previous apex height [3].
𝑑ℎ%()*,[-./]
𝑑ℎ%()*,[-]

<1
23435367

In order to create the map, the first step is to find the fixed point. The fixed point
is a point on the map at which the robot returns to the same height from which it was
dropped, after a complete step. Once, the fixed point was found, the thrust required to
attain the fixed point was recorded. Keeping the thrust constant to this value, the robot
was then dropped from different heights and the final apex heights returned by the robot
was recorded. This final height was plotted against the initial height from which it was
dropped. The plot of the initial versus the final heights of all the different leg
configurations is known as the Apex Return Map.
On collecting data from the apex return map, the number of steps needed to return
the robot to the desired apex height of 1.05m can be recorded.
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Figure .5.1.3: Correction in apex height for single-step hopping.

From the above plot in figure 5.1.3, it can be seen that the robot at b=0.5 configuration
takes less number of steps to return the desired height as compared to b=0.0
configuration. Similarly, the number of steps taken to reach the desired apex height can
be calculated for all the leg configurations and compared to determine stability.
A diagonal line on the map represents that more number of steps are needed to
reach the stable limit cycle. However, a horizontal line with a zero slope represents the
most ideally stable mapping. Therefore, the lesser the slope of the return maps, the more
stable is the leg configuration (b) based on the Poincare map analysis.
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5.2 Stable limit cycle
In order to further confirm the stability of different leg configurations, based on the how
fast the robot returns the desired apex heights, the stable limit cycles are plotted. The
stable limit cycle, shows how well the proposed controlled corrects the perturbations in
apex height. On comparing the vertical position of the robot to the vertical velocity, the
stable limit cycle plot is obtained. The robot is made to fall from a height of 1.15m above
the ground, keeping the desired apex height to be 1.05m and made to hop in place for 20
steps. Then the number of steps required to return the body to desired apex height, or to a
height which does not change for any further steps is computed for different leg
configurations. The stable limit cycle observes whether the robot at a given leg
configuration, learns and corrects the errors in the final apex height and enters into a
cycle which does not change over time. The plots for different leg configurations are
obtained as follows:
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Figure 5.2.1: Plot to show how fast straighter ankle configurations correct the
perturbations in the desired apex height, to enter the stable limit cycle.

On careful observation of the plots, we can see the time taken by different leg
configurations to enter into the stable cycle. From the figure 5.2.1 we can see that, for
b=0.0 configuration, the robot takes the maximum amount of time and is only able to
return to an apex height of 1.082m. The time taken to correct the perturbations in apex
height reduces as the leg configurations approach closer to b=0.5.
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Figure 5.2.2: Plot to show how fast different kinematic configurations correct the
perturbations in the desired apex height, to enter the stable limit cycle.

For the configuration b=0.5, the robot reaches to an apex height of 1.050m in the least
number of steps as compared to the other leg configurations. Other than b=0.5, b=0.3 and
b=0.7 configurations take fewer steps to correct the perturbation in apex height compared
to the other leg configurations.
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Figure 5.2.3: Plot to show how fast the straighter knee configurations correct the
perturbations in the desired apex height, to enter the stable limit cycle.

Further clarification of the stable limit cycle, can be observed by plotting the number of
steps against the vertical apex positions of the robot, while hopping in place.
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Figure 5.2.4: Steps needed by different configurations to correct the perturbations in the
apex height
From the figure 5.2.4 it can be seen that the leg configuration b=0.5 is the fastest in
correcting the perturbations in the apex height and entering into the stable limit cycle,
compared to the other b values.
Moreover, on comparing the plots in figure 5.2.4 to figure 5.1.3, it can be seen
that, for figure 5.1.3: Correction of apex height for a single-step, produces better results
by reducing the desired apex height error for different leg configurations. Further
research should be done to analyze the stability of single-step hopping compared to
multi-step hopping.
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5.3 Steps-to-fall Analysis
Stable running can be performed at different speeds by animals and humanoid robot,
using three simple leg strategies:
1) Adjustment of attack angle
2) Adjustment of the leg length
3) Adjustment of leg stiffness.
Since, for our research the joint stiffness is assumed to be constant at 1kN.m/rad,
the leg length and the joint stiffness can be adjusted by regulating the additional input
thrust energy added to the springs. The initial condition is chosen to have an apex height
of 1.05 m and an initial velocity of 3.0 m/s. Keeping, all the other parameters fixed, the
robot is made to start running from this initial condition and the number of stable steps is
counted. In the ideally stable condition, the robot would run continuously for an infinite
number of steps. Depending on the fixed point, i.e., the point at which the robot returns
the exact same height and same velocity as the pervious step, the robot might run for an
infinite number of steps without falling. However, if the fixed point is not attained, the
robot might run for a number of steps before it falls over and the body of the robot hits
the ground. There also might be a case where the robot might run but would no longer
return the same height or the same velocity. Thus, it is necessary to set a range on the
parameters which determines the stable region, before we use the method to compute the
system stability. Therefore, the height range is selected to be between 0.95m to 1.15m.
The stable range for the final velocity is chosen to be between 2.0m/s to 4.0m/s. Any
value attained outside this range is considered to be unstable, since the legs do not follow
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the desired trajectories outside these ranges. A predetermined limit is set on the minimum
number of steps, which is 20.
Selecting one leg configuration at a time, a search for input thrust and attack angle
is done. The input thrust added during the stance phase, compensates for the impact
losses at the foot touchdown and frictional losses throughout the step. The attack angle
and thrust which makes the robot run for a minimum of 20 steps is recorded. These
values of attack angle and thrust outlines the stable region. On plotting the stable region,
the following plot as shown in figure 5.3.1 is obtained.

Figure 5.3.1: Stable regions for different combinations of attack angles and input thrust
for a minimum of 20 steps.
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From the figure 5.3.1, it can be seen that the stable region for β=0.0 is a small
point. This means that it is the least stable leg configuration. Hence, the straight ankle leg
configuration of β=0.0 is not considered to be a stable configuration for a threesegmented legged robot. However, the leg configuration β=0.1, has a significantly visible
stable region on the plot for an attack angle of 9 degree. At β=0.2, the robot exhibits
stable running for an attack angle between 8 to 9 degrees and a thrust of about 150J.
Compared to the leg configurations of β<0.3, the leg configuration at β=0.3 has a
much wider stable region. This indicates that the leg configuration at β=0.3, where the
foot is perpendicular to the floor is stable for a wide range of attack angles (α=5° to
𝛼=8°) and thrust values.
At a leg configuration of β=0.5, where the knee joint angle is equal to the ankle
joint angle, the robot runs without falling for multiple combinations of added thrust and
attack angles. The stable range of attack angles and thrust which makes the robot run for
a minimum of 20 steps, is the widest for the leg configuration of β=0.5. For β=0.4, the
stable region is smaller compared to β=0.3 and β=0.5.
When the leg configurations β>0.5, the robot achieves stable running for an attack
angle between 7 to 10.5 degrees, and a narrow range of added energy thrust (80 to 200 J).
It can be seen from the figure 5.3.1 that, the stable region for β>0.5, overlap with each
other. However, on careful observation it can be seen that, the stable regions at β=0.7 and
β=1.0 have the widest stable regions compared to the other leg configuration of β>0.5.
The leg configuration at β=0.7 is a configuration where the thigh is perpendicular to the
floor. However, β=1.0 is also known as the straight knee configuration, as the knee joint
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angle is 0°. Based on the above stable regions, the stability of different leg configurations
can be determined.
However, in addition to the stable region, the number of stable steps achieved by
robot is also very important to determine the stability of the leg configuration. This is
why a 3-dimensional plot needs to be computed. The angle of attack and the added thrust,
is plotted against the number of steps achieved by the robot.

Figure 5.3.2: Number of stable steps for different kinematic configurations. β=0.0, β=0.1
and β=0.2.

From the data collected, it can be inferred that the leg configuration β=0.0, can run for a
maximum of 60 only, when the attack angle is 9° and an input thrust of 118J is applied to
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the joints. Thus, it is the least stable leg configuration for a three-segmented bipedal
robot.
On comparison, for a leg configuration β=0.1, the robot can run up to 200 steps, for an
attack angle of 9°, when the input thrust energy of 130J is applied. However, this is not a
very stable result as the range of attack angle is limited to only 0.1° (8.9° to 9°).
When finding the stable region for β=0.2, the range of attack angle increases to 0.9°. For
any angle chosen between 8° to 8.9°, and an input thrust of 150J, the robot runs
continuously without falling. For this research, any value of attack angle and input thrust
energy, which achieved more than 200 steps was considered to be a stable state, once the
tolerance in height error was satisfied. In the figures 5.3.2, 5.3.3 and 5.3.4, the yellow
region represents the completely stable state, where the robot runs for 200 or more
number of steps without falling over or exceeding the tolerated range of height error. The
dark blue represents the minimum number of steps (>20 steps) achieved by the robot and
the green shaded regions denoted any number of steps between 20 to 200.
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Figure 5.3.3: Number of stable steps for different kinematic configurations. β=0.3, β=0.4,
β=0.5 and β=0.6.

For the leg configuration β=0.3, where the foot is perpendicular to the floor, the range of
angle of attack increases to a significantly high range (i.e., 1.5°). The configuration also
executes a broad region for which the robot runs for up to 200 steps.

When the robot is made to run for a leg configuration of β=0.4, the stable region is found
to output varied number of steps for different attack angles. The surface of the 3D
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mapping is uneven, showing that the most stable region, where the robot runs for 200
steps or more is limited to only specific combinations of attack angles and input thrusts.
On comparison to all the different leg configurations, β=0.5 has the largest stable region.
Although, β=0.5 has the widest stable region, it requires a significantly large amount of
thrust in order to run for 200 or more steps for an attack angle of 6° or more. Even though
the completely stable region is limited for this leg configuration, it can still run a
minimum number of 20 steps for a wide range of attack angles and the input thrust.
The leg configuration β=0.6, requires a significantly high attack angle and low input
thrust to achieve stable running. Although, the angle of attack which makes the robot run
for 200 or more steps is limited. However, due to low amount of input thrust required for
stable running, it can be inferred that this leg configuration reduces the impact and
frictional losses, and the need for extra additional input thrust.
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Figure 5.3.4: Number of stable steps for different kinematic configurations. β=0.7, β=0.8,
β=0.9 and β=1.0.

For, a leg configuration β=0.7, where the thigh segment is perpendicular to the
ground, the robot exhibits completely stable running for an attack angle between 7.5° to
8° and for 9.8° to 10° for different combinations of input thrust. This leg configuration
requires the minimum amount of thrust compared to the other leg configuration. Hence, it
suffers the least losses due to foot impact on the ground and frictional losses while
running.
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The leg configuration β=0.8, makes the robot run stably for any attack angle in
the range of 7.5° to 10°. However, the completely stable region, denoted by the yellow
color is limited compared to β=0.7 configuration.
As the knee begins to straighten for β=0.9 configuration, the angle of attack which
results in the completely stable region can be chosen to be 9.8° to 10.3°. However, an
attack angle between 7.5° to 10.3° makes the robot run for more than 20 steps before
falling over.
For the straight knee configuration of β=1.0, the robot exhibits a wide completely
stable region as can be seen in the figure 5.3.4. It also has a low input thrust requirement,
which indicates the reduction in impact and frictional losses while running. Thus, it can
be seen that, the leg configuration β=1.0, is much more stable than β=0.0. This indicates
that straight knee configuration is much more stable then straight ankle configuration.
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Figure 5.3.5: Number of stable steps for linear leg configuration.

On running with linear leg, the stable region is obtained as seen in the figure 5.3.5. The
robot runs stably for an attack angle in the range of 12° to 16°. Most of the combinations
of the attack angle and the input thrust energy, make the robot run for close to 200 steps,
making it completely stable. The stable region for the linear leg is much wider in terms of
the tolerated attack angle range as compared to an individual leg configuration of the
three-segmented leg. However, when compared to the total stable region for a threesegmented leg, as shown in the figure 5.3.7, it can be seen that the ranges of attack angle
and input thrust, required for stable running is very limited for a linear legged biped.
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Figure 5.3.6: Number of stable steps for two-segment leg configuration.

Based on the same method, the stable region can be obtained for an articulated leg with
two leg segments as shown in figure 5.3.6. It can be observed that the robot can run in a
stable manner for atleast a minimum number of 20 steps, when the angle of attack is
chosen to be in the range of 13° to 20.5°. The region shown by a yellow shade in the plot
shows that the robot runs for 200 or more steps for the respective combinations of attack
angle and input thrust energy. On comparing the stable regions for the two-segment
articulated legged biped to that of one of the zig-zag configurations of a three-segment
legged biped as shown in figure 5.3.7, it can be seen that although the range of attack
angle for the two-segmented biped is larger than that of the three-segmented biped, the
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area of the total stable region for the three-segmented biped is much more compared to
the two-segmented biped. Also, the stable region shown for the three-segmented biped is
for one of the four zig-zag and bow type configurations, as shown in figure 4.5. On
plotting all the other three configurations as shown in figure 4.5, we would obtain a much
wider stable region as compared to that of the biped with lesser number of leg segments.
It can also be observed that the area under the stable region for the two-segment
articulated legged biped is much more compared to that of a prismatic linear legged
biped.

Figure 5.3.7: Comparison between the stable regions of a three-segmented legged model
to that of an articulated two-segment and a linear prismatic legged model.
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6

Conclusion
Thus, on observing the stable regions for a three-segmented leg to a leg of lesser
segment, it can be concluded that leg segmentation provides self-stable running for a
wide range of attack angles. In other words, on running with given speed and joint
stiffness, a three-segmented leg is more robust to variations in the attack angle and also to
perturbations in the apex height.
Secondly, it can be concluded that, different leg configurations perform differently
for a chosen attack angle and input thrust. Certain leg configurations are more stable than
others based on the area under the stable regions as shown in the steps-to-fall analysis
plots above. For instance, the leg configuration β=0.5 had the widest stable region for
different combinations of attack angles and input thrust. However, the β=0.5 leg
configuration requires a high amount of thrust for stable running for certain attack angles.
As compared to β=0.5, the leg configuration β=0.3 and β=0.7 have a decent area under
the stable region and requires the least amount of input thrust energy. Based on the needs
of the user, they can choose whether they want a leg configuration that is more stable for
a wide range of attack angles at the expense of a high amount of input thrust requirement.
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On the other hand, they can choose the leg configuration with minimum energy
requirement with a small range or a fixed attack angle.
Thirdly, it can be observed that hopping or running with a three-segmented bipedal
robot, a straight knee configuration (β=1.0) is much more stable than a straight ankle
configuration (β=0.0), i.e. the robot runs more number of stable steps for a range of attack
angles and input thrust. It can also be seen from the stable limit cycle plot that the robot
takes more number of steps to stabilize hopping (i.e. correct the perturbations in apex
height) for β=0.0 configuration as compared to a β=1.0 configuration. Moreover, the
robot does not return the desired apex height of 1.05m and only attains a height of 1.082m
for a leg configuration of β=0.0, whereas, β=1.0 does make the robot hop to an apex
height of 1.057m, which is considered to be in the stable range.
Finally, it can be concluded that leg segmentation leads to additional running
stability. A leg with more segments, reduces the risk of foot slip due to reduction in the
ground reaction force. It also reduces the swing time as the toes of one the foots are in
close contact to the ground even after heel-off initiation. Thus, this thesis explains the
potential of a three-segmented leg for self-stable running and hopping for a wide range of
input parameters when compared to a linear prismatic or an articulated two-segment leg
model.
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7

Implementation and Future Work
On carefully computing the attack angles and the input thrust combinations which make
the robot run in a stable manner, developed in the real-time environmental simulation,
this robotic model can now be applied to a physical robot to study the stable running of a
three-segmented bipedal robot. Running robots are very beneficial in day to day life, for a
lot of reasons, like assisting disabled patients to walk or run, helping military to carrying
items securely, delivering mails and so on.
Further research on this field can be done to train the robot to run on an uneven terrain,
and perform other gaits like climbing stairs, walking, swimming etc. Moreover, the
stability of single-step hopping can be compared to multi-step hopping stability, and the
differences can be studied. Finally, the ability of the robot to understand and develop a
learning mechanism to walk or run on uneven terrains can be interesting to learn.
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